ABSTRACT Snapshot image mapping spectrometer (IMS) can capture the spatial and spectral information of an object simultaneously in a single integral time. This paper presents a geometric optical model of the IMS and proposes a reconstruction method for 3-D data cube based on this model. The simulation and experiment results prove that the model is correct and the reconstruction method is effective.
I. INTRODUCTION
The snapshot image mapping spectrometer (IMS) is a type of hyperspectral imaging spectrometer, which can collect the 3D datacube (two -dimensional spatial information and onedimensional spectral information) of the object in a single integral time [1] . Compared with the scanning imaging spectrometers, the IMS is more suitable for the real time spectral imaging, such as fluorescence microscopy, gas detection and imaging endoscope etc [2] - [5] . In order to utilize the spatialspectral data effectively, the data process method is needed to recover the 3D datacube from the raw data. This paper establishes a geometric optical model of the IMS to recover the data cube, which builds the relationship between each voxel position in data cube and the pixel position on the detector theoretically. This method can reduce the errors caused by the image lines distortion (the ''smile'' and ''keystone'' of the image lines), mirror facets ''edge eating'' through calibration procedure and improve the quality of reconstructed images and spectral lines [7] .
II. DESCRIPTION OF IMS
The general principle of IMS is to slice the primary image to different directions by image mapper to obtain void space on the detector between image lines. Then, a prism disperses the lines to the void space to acquire the spectral information of the object [6] , as shown in Figure 1 .
The IMS consists of two main portions, fore optics and imaging spectrometer. The fore optics is telocentric in image
The associate editor coordinating the review of this manuscript and approving it for publication was Qilian Liang. space to ensure that chief rays into the image mapper are parallel to the optical axis. The imaging spectrometer contains a collimating lens, prism, reimaging lens array and a detector, as shown in Figure 2 . The image mapper is the key element of IMS, which consists of hundreds of strip mirrors. These mirror facets have different two -dimensional tilt angles (α m,n , β m,n ) (m = 1, 2, . . . M, n = 1, 2, . . . N) respectively to the substrate plane, as shown in Figure 3 . The mirrors facets are grouped into several periodic blocks, and each block has the same number of mirrors and the same rule of the tilt angles. M is the number of tilt angles and N is the number of the blocks, so that the image mapper contains M×N mirrors in all.
The image mapper is placed on the fore focus plane of the collimating lens, so that each strip mirror can be treated as a ''slit'' for the imaging spectrometer. According to the M tilt angles, a pupil array is formed on the back focal plane of collimating lens, so that the imaging spectrometer contains M imaging channels.
The optical layout of IMS is shown in Figure 4 . For simplicity for analysis based on geometric optical theory, the lens are considered as ideal thin lens. L1 represents the fore imaging lens, L2 represents the collimating lens, and L3 represents the reimaging lens array. The pupil aperture is placed on the fore focal plane of L1. The image mapper has a tilt angle with the primary image plane of L1, marked by θ. The prism is chose as a single prism.
III. GEOMETRIC OPTICAL MODEL
The coordinates of each optical plane is noted in Figure 4 . The whole system parameters are shown in Table 1 . 
A. THE FORE OPTICS MODEL
The fore optics consist of pupil aperture, L1 and image mapper, as shown in Figure 5 .
The telocentric structure makes that the chief ray from L1 is parallel to the optical axis, which ensures the reflected ray directions from image mapper is only determined by the image mapper without the effect of field.
The object plane is conjugate with the primary image plane, so that the coordinates' relationship can be treated as,
Because of the angle θ, the coordinate of the intersection between chief ray and the image mapper plane is,
Rearrange the above formulas, the result is,
B. THE REFLECTED ANGLES MODEL OF THE IMAGE MAPPER
The 2D tilt angle of a single mirror is noted by (α m,n , β m,n ), as shown in Figure 6 . The normal direction of the mirror facet is noted by ns. α m,n is defined as the angle between n s and the x i o i z i plane, and β m,n is defined as the angle between the projection of n s on the x i o i z i plane and the o i z i axis.
The optical layout of the image mapper is shown as Figure 7 . Assume that the incident ray is on the facet with (α m,n , β m,n ), and the reflection ray direction is noted by (φ m,n , γ m,n ). The φ m,n is defined as the angle between projection of the reflection ray on x i o i z i plane and the reflection optical axis, γ m,n is defined as the angle between reflection ray and x i o i z i plane.
According to the geometric theory, we can obtain the formula as [8] , Since the pupil aperture plane and the back focal plane of L2 are conjugate, a pupil array is formed as illustrated in Figure 8 . We can treat the beam path diagram as an approximate 4-f imaging system.
Each sub-pupil of the pupil array is noted by sub #m (m = 1, 2, . . . M). The center coordinate (ξ m , η m ) of each sub-pupil is determined by,
The diameter of each sub-pupil is the same which is,
D. THE MODEL OF IMAGING SPECTROMETER
Assume that the image mapper contains M×N strip mirrors, so that each channel of the imaging spectrometer has N mirror facets which can be regarded as N entrance slits. The layout of one channel of the imaging spectrometer is shown in Figure 9 . The coordinate of the fore focal plane of L2 is noted by (x i , y i ). Assume that the central wavelength of the system is λ o , and n o is the refractive index of lo in the prism. The angle between the optical axis of L2 and L3 is δ o , which is,
The detector is placed on the focal plane of L3. Based on the coordinate x L2 o L2 y L2 , the normal direction of the prism facet #1 is,
where, A is the wedge angle of the prism. The normal direction of the prism facet #2 is,
According to the geometric optical theory, the point of intersection of the reflected ray from mirror facet (the tilt angle is (α m,n , β m,n )) and the fore focal plane of L2 is,
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According to the Snell theory [9] , the vector S 2 is,
where, the n λ is the refraction index of the wavelength l in the prism. In the same principle, the vector S 3 is expressed as,
After the prism, the optical axis is turned around the o L2 y L2 to δ o degree clockwise, so that the coordinate transform matrix is,
The vector S 3 in the coordinate x L3 o L3 y L3 is expressed as,
Assume that the vector S 3 = (e 1 , e 2 , e 3 ), the image point on the detector conjugated with (x o , y o ) is expressed as,
The equation (14) is the relationship between the coordinate of object plane and that of the image plane. Assume that 
E. IMAGING SIMULATION AND RECONSTRUCTION
The imaging simulation is conducted by MATLAB, the parameters of the system is shown in Table 2 . The object datacube is chose as the PHI data [10] , as shown in Figure 10 .
Based on the equation (15), the simulation result is, As shown in Figure 11 , the ''smile'' and ''keystone'' of each image lines is in accordance with the theoretical results. The equation (14) establishes the relationship between the coordinate of object data cube and the image plane. So that, the gray value of each voxel in the reconstructed data cube can be interpolated on the raw data. The reconstructed spectral images of the simulation data is shown in Figure 12 .
The data cube is composited by the spectral images, which is shown in Figure 13 .
Three points A, B, C on the datacube are chose to recovery the spectral curves respectively. The results are shown in Figure 14 . The spectral curves are valued by Relative spectral Quadratic Error (RQE) [11] and Spectral Angle [12] (SA), which are illustrated in Table 3 . From the results of the evaluations in Table 3 , we can find that the recovered the spectral curves are almost in accordance with the original curves. The degradation of the curves are due to the diffraction, nonlinearity dispersion etc. Above all, the simulation and reconstruction results prove that the recovery method for data cube based on the geometry model is effective.
IV. EXPERIMENTS
To verify the effectiveness of the data cube reconstruction method, an image and data reconstruction experiment is conducted. The experiment system is shown in Figure 15 , which contains the fore optics, collimating lens, 1:1 relay lens, single prism, reimaging lens and detector. The detector is the VA-29M gray detector. The size of each pixel is 5.5µm × 5.5µm.
The object is printed on the transparency film and placed before the aperture stop. The distance between the object and aperture stop is 120mm. Figure 16 shows the object and the raw data obtained by the detector is shown in Figure 17 .
To reconstruct the data cube, the raw data should be preprocessed which includes removing dark current, ensuring the origin point of image plane, correcting the nouniformity of image plane. Based on the reconstruction method mentioned above, the reconstructed spectral images are shown in Figure 18 . Utilize the spectral images to composite the data cube which is shown in Figure 19 .
Take 8 points on the data cube to composite spectral curves and make comparison with the results measured by the fiber optic spectrometer, which is shown in Figure 20 .
Similarly, we use the RQE and SA to evaluate the reconstructed spectral curves as shown in Table 4 . According to the evaluation of the experiment results, we can find that the reconstructed spectral curves of the object points are similar to the curves measured by the standard X. Ding, Y. Yuan: Geometric Optical Model of the Snapshot IMS for Data Cube Recovery FIGURE 20. The reconstructed spectral curves for experiment system. fiber optic spectrometer, which prove that the reconstruction method of IMS is correct and effective.
V. CONCLUSION
In this paper, we established a geometric model of the IMS and proposed a reconstruction method of the data cube. The simulation results show that the model is correct and the reconstructed spectral images and spectral curves tally with original data. Furthermore, we conducted experiment to prove that the reconstruction method is effective.
